
Descriptive Set Theory
Lecture 2

Relative topology , let ✗ be a top. space and Y≤ ×
.

Then the relative

topology • a Y is defined by declaring sets of the

form Uh Y open ,
for UEX open.

Y

B.diet topology / top . of ptwise convergence.

For top . spaces ✗
◦
I X

,
,

the product top . on X,✗X,
is defined by declaring open

the open rectangles , i. e.
✗is why d- the form 6. ✗ Ui

,
where Ui ≤Xi is open .

Uncle,
That is

,
the topology is generated by open rec -

- tangles , in fact , the open rectangles torn a
1-1
u
.

% basis
,
so every open set in

✗
◦✗X, is a

union of
open rectangles .

Similarly ,
for ✗• ✗ ✗ ix. . _ ✗ Xu

,
the

open rectangles 6.✗UH. . .
✗ Uu term a basis . What about infinite products ?
let I be a typically infinite index set

,
e. g. I:=1N,

IR
.



For each IEI
,

let Xi be a top . space . Then IT
✗ i is

IEI
the set of squares Hi)ieI i.f. Xi C- Xi Ki c- I.

the open rectangles in this case are sits at the form

Uo ✗ U
, ✗ . . .

✗Un ✗ ✗
at, ✗ Xntzx . . .

(assuming E- IN) .
I think of elements of ¥±Xi as fractious f :[ → ✓Xi
ic-IS.t.fi) c-Xi Ki EI

.
E. y . if I

-
- IR I ✗ i-IRV-ic.li

,

then ITIR = IRR = all function IR→1R
.
let's draw the

d- IR
let f- c- ITXI . The " snakes " Ktpigt.ve × , ¥ - ✗F- :

i HN

go through all hoops
% ;";"y,É# 444,4 for an open

rectangle (aka cylindricalSIN sit ) .
For ft !¥µXi , we write flit her the ith coordinated

.

Observation
. Product top is the topology of pointwise coavergeue

,

i.e. for a sequence (f) ≤ IT Xi al ft ITXI
i≤I IEI 1

fu Eff ⇔ fali) → fli) as n→ •
,
HIEI

.

Proof
.
Homework

.

Tyuhowoff 's theorem .
Products of compact spaces are a-pact.



DST begins
Def

.

A top . space ✗ is called Polish if it's 2ⁿᵈ - cfbl I

completely metrizable ( <⇒ separable I uapktefwetriz-at.tl .

Examples . IN or finite sets with discrete top .
Rd
,
Ed

,

d c- IN
.

EP y El IR
,
H .

Obs
. All closed subsets of a Polish are Polish in therelativetop .

Polish operations . (a) ctbl disjoint unions of Polish spaces are

Polish .

(b) ctbl products of Polish spaces are Polish.
Proof

. (a) let Xo
, Xi , - be Polish spaces I kppoce tht

they are pairwise disjoint.

Q ?⃝ 0 . . .

✗ ,
✗
2

The top . space ✗ = LI Xu is toned by declaring
HEIN

open any Un ≤ ✗
u open ,

in particular Un :=✗u .



✗ is still 2ⁿᵈ ctbl been dbl unions of dhl
sets are still cthl .

Observation
.

For every nitric d on a set X
,
the

following nitric generates the sae top . I
is bdd by 1 : d. (✗ := win 11

,
dlxo

,
✗d) .

let du be a complete compatible metric oak at
.

d. ≤ 1
.

Tru let the distance between ay ✗utki I ✗in c- Xm
,

h≠m
,
to be 1

.
This extends the nitric to all of

✗ I it's
easy

to check that any
C- -b) Maeve

in ✗ is eventually in one ✗
u
Ifor sone new) al

hence
converges , } the completeness at du .

(b) Lt du he a coup
! cowpat. metric for Xu, d. ≤ 1

.

We define a nitric d ou X÷lTXa by :

UEIN
for * y c- ×, dlx, g) :=Idn(xH,yH) -2?

NEIN

we need to show tht this metric is wupkte I
generates the product top . ( homework) . ✗ is 2ⁿᵈ ctbl



here there are only d-by way open rectangles whose

sides are taken from a fix cfbl bases at the respective
coordinates

.

Product Polish spaces . (a) IRIN
(b) [0,131N called the Hilbert cube

.

(c) INN
,
IN discrete

,
is called the Baire space .

Trees
.
We think of elements of 1N

""
as infinitebranchestrough the following tree : IN
< "N

:-. VIN !

•
∅

HEIN

s :-- (3,0/1,2) c- IN
" I the

correspon-Hi:::÷÷:÷****[s] := { ✗ C- IN
"V
: s ≤ × }
in

field
,
sci)-- ✗ Ii)

is] INN [55 = ✓ It] .
1- c- IN

'"

thus
,
ls] is both open I closed

,
t≠s

we call such sets doper . We refer to sits of the

term G) as the basic doper sets /rectangles / cylinders .



A nice uewpatible (ultra) metric is
,
for ×,g

c- IN
"V

,

dlx,y) := 2-
""4)

,
here ulxis) : -- mini af .

It is easier to show tht this metric gene
- ✗ E) ± gli) .

rates the prod . top . al is co-plebe , fellows from the following :

Obs
.
For a sequence (✗a) ≤ IN

"V

,

- if it is Carly then

for each index ie IN
,
(xuli) )

now
is eventually coast

.

(d) IN ≤ IN 'N is called the Cantor space. It is a a-pact
subset of the Baire space with relative top.

Corresponding tree. • ∅ Basic dope- sets are sina.bg
0 I

◦ • • I
[ s ] - = { ✗ C- 2

"V
: s≤ ×)

,

0 I 0 I

00 01 10 11 where s c- 2

° I 0 to I 0 ,

i

< IN
.

000 001

' "l "
•

-

_

.

- 21N

Recall tht reals have a binary rep . ,
i.e

.

IR ↳ 2
"! This

is true of all 2ⁿᵈ dbl Hausdorff space,
in particular

all Polish spaces :



Coding leuwa . Any Polish space ✗ injects into 2Nd
this Ejection ← is such tht c-

' (**it#11¥ . is open .

Proof
. let luu) be a dbl basis .

Define i :X → 2
""

by ✗ ↳ ↳a) new ,
here ya := 40 it ✗& Un1 if ✗ c- Un

-

Hausdvrffwn implies tht this map is injective .

Moreover
,
i' ( **1*14*1*1=43 . . .
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